Let 0 α < ∞, 0 < p < ∞, and p − α > −2. If f is holomorphic in the unit disc D and if ω is a radial weight function of secure type, then the followings are equivalent: Here ∇f (z) = (1 − |z| 2 )f (z). Furthermore, if f (0) = 0 and ω is monotone, then three quantities on the left sides are mutually equivalent. This generalizes a classical result of Hardy-Littlewood.
Introduction
Let D = {z ∈ C: |z| < 1} be the unit disc of the complex plane C and let dA(z) = dx dy denote the Lebesgue area measure of C. It follows from a theorem of Hardy and Littlewood that for f holomorphic in D, 0 < p < ∞ and β > −1. See Theorem 6 of [5] for a proof and Chapter 5 of [2] for references and information. Generalizing (1.1), a number of authors have studied the question of finding radial weights ω for which we have
for f holomorphic in D and 0 < p < ∞. In particular, we mention that results of Siskakis [13] and of Pavlovic and Peláez [12] show that this is true for the weights considered in Example 3.1 of [13] .
In this paper, we improve these results by introducing a class of weights for which one can prove the stronger result
for f holomorphic in D, 0 < p < ∞ and 0 α < p + 2. This class of weights include other previously considered in distinct settings. We begin with introducing the following weight function ω(z) that generalize (1 − |z|) β .
Definition.
A weight on D means a function ω : D → [0, ∞) which is locally integrable. We call it "secure weight" if there is r s ∈ [0, 1) such that the following conditions are satisfied for |z| = r ∈ [r s , 1):
Here and throughout, almost monotone means either almost increasing or almost decreasing in the sense of Bernstein [1] : a real valued function ψ on an interval is called almost increasing if ψ(r 1 ) ψ(r 2 ) for all r 1 r 2 , and almost decreasing if ψ(r 1 ) ψ(r 2 ) for all r 1 r 2 .
At first glance, (S3) and (S4) seems to be rather obscure. But if we set ψ(r) = ω(1 − r), (S3) says that ψ has the doubling property: ψ(r) ≈ ψ( r 2 ) while (S4) says that the averaging property
The concept of secure weight has scope wider than several known concepts on weights, for example "admissible weight" in [7] and "majorant" in [3, 4, 11] , as we shall see later. A typical example of secure weight ω(r) is
for some a: −1 < a < ∞ and b: −∞ < b < ∞.
Throughout this paper, ω always stands for a secure weight on D. In terms of ω, the weighted Bergman space A p,ω (0 < p < ∞) is defined to consist of all holomorphic f in D satisfying
We let ∇f (z) stand for (1 − |z| 2 )f (z) for the notational convenience, which is originated from the invariant complex gradient
Then, in terms of the p-means
provided f (0) = 0. Now we state the following improvement of (1.1) as our main result. 
Furthermore, if f (0) = 0 and r s = 0, then three quantities on the left sides are mutually equivalent. [8] . Theorem 1.1 will be proven in Sections 3-4 after considering special cases in Section 2. A relationship between secure weights and other classes of weights will be discussed in Section 5.
The author would like to thank the anonymous referee for suggesting a good number of corrections and references to make this paper stylish.
Preliminary results and special cases
This section is a preparatory one to prove Theorem 1.1. We will prove special cases of Theorem 1.1 in Theorems 2.2 and 2.3.
and
Proof. Let |z| r s . By the almost monotonicity of ω and (S3) it follows that ω(r) ≈ ω(z) for |z| < r < 1 + |z| 2 and it simply follows that
Hence
This gives (2.1).
From the inequality
it follows that
The following is a primitive form of our equivalence. 
Taking the integration 1 0 ω(r)r dr on both sides,
where we used the second inequality of (2.3) and the equivalence (2.1).
On the other hand, by taking the integration ω(r)r dr on both sides of (2.5),
where we used (2.2) and (2.1).
so that (2.4) follows from (2.6) and (2.7). 2
The following generalizes (1.1) on the settings of ω. g(w) p dA(w)
Thus,
An elementary calculation shows that 
Next, suppose 1 p < ∞. Take a positive integer n such that 0 < p n
Thus, it follows that
The last quantity is bounded by 
Reducing to a decreasing weight case
We need the following technical lemma in reducing the proof of Theorem 1.1 to the case of secure weight with r s = 0. Then ω 1 satisfies (S1) and is (S2) for all z ∈ D and r ∈ [0, 1). We need to check that ω 1 (r) ≈ ω 1 1 + r 2 for r ∈ [0, 1), (3.1) and that
By (S3) and (S4), these are obvious when r s r < 1. To see (3.1) for r < r s , there are two cases: case r s < 1+r 2 < 1+r s 2 and case 1+r 2 < r s . In the first case
and in the second case
which gives (3.1). To see (3.2) for r < r s , we note by (S4) that
for some C > 1, from which it follows
This gives (3.2). 2
Proof of Theorem 1.1
With the help of Lemma 3.1, we are sufficient to prove the equivalence of the left-hand side quantities of (i), (ii), and (iii) under the condition r s = 0 and f (0) = 0.
Fixing such a ω and f throughout the proof, let us denote for simplicity
Then log I (p, α; f ) and log J (p, α, f ) are convex functions of α, that is,
I (p, α; f ) I (p, s; f ) (t−α)/(t−s) · I (p, t; f )
1−(t−α)/(t−s) 
Proof. Consider the first case (AM). (S1) and (S2) are obvious. The assumption gives the doubling property of ψ :
and (1.2)
which are equivalent to (S3) and (S4), respectively. The second case is similar. is neither an admissible weight nor a regular majorant.
